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Dirac neutrino mixings from hidden µ− τ symmetry
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We explore masses and mixings for Dirac neutrinos in models where lepton number is conserved,
under the guidance of a hidden, but broken, µ− τ exchange symmetry, that makes itself evident in
the squared hermitian mass matrix. We study the parameter space in the most general theory as
allowed by current neutrino oscillation experiment data. By using a general parameterization of the
mass matrix which contains only observable parameters we stablish that the amount of breaking of
the symmetry is in the range of the atmospheric mass scale, without regard to the neutrino hierarchy,
the absolute neutrino mass and the Dirac CP phase. An estimate of the invisible branching ratio for a
Higgs boson decaying into Dirac neutrinos, H → νν, is given and compared to recent measurements
in this context.
I. INTRODUCTION
Neutrino oscillations have been for some time
under the scope of a large number of theoretical
studies and many experimental efforts, since they
imply that neutrinos have mass and leptons mix
flavors (for a review see for instance [1]). As the
Standard Model (SM), on the contrary, predicts
that neutrinos should be rather massless and no
flavor mixing should exist in the lepton sector, neu-
trino physics seem to point towards the need of
new physics. Compelling evidence for neutrino os-
cillations has been provided by data obtained from
the observation of neutrinos arriving from the sun,
from upper atmosphere interactions of cosmic rays,
from nuclear reactors, and from particle accelera-
tors. Most of such data can be understood in a
framework with three weak flavor neutrinos, νℓ for
ℓ = e, µ, τ . Those corresponding to the three SM
charged leptons.
Oscillation phenomena is not sensible to the ac-
tual mass of the neutrinos but to their squared
mass differences, ∆m2ab = m
2
a − m2b , for a, b =
1, 2, 3. It is so, however, to the mixing that con-
nects the weak to the mass eigenstates, νa. In
the two neutrino flavor approximation, the os-
cillation probability is simply given as Pℓℓ′ =
sin2 2θ sin2(∆m2abE/4L), for the mixing angle θ.
Global fits [1, 2], with all three neutrinos, find
for solar neutrino oscilations the scale ∆m2⊙ =
∆m221 = m
2
2 − m21 ∼ 7.5 × 10−5eV 2, whereas
for atmospheric neutrinos they give ∆m2ATM =
|∆m231| ∼ 2.5 × 10−3eV 2. Note that the hierar-
chy among the first two mass eigenstates is well
known due to the contribution of matter effects
on solar neutrino oscillations. However, the sign
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in ∆m231 = m
2
3 − m21, and therefore the neutrino
mass hierarchy pattern, is still unknown. Data
is so far consistent with both normal (∆m231 >
0) and inverted (∆m231 < 0) hierarchies. As
for the mixing angles, global fits indicate that
sin2 θ⊙ ≈ 0.308 ± 0.017 for solar, sin2 θATM ≈
0.437+0.033−0.023 (0.455
+0.039
−0.031) for atmospheric, and
sin2 θ13 ≈ 0.0234+0.0020−0.0019 (0.0240+0.0019−0.0022) for reactor
neutrino oscillations with normal (inverted) hier-
archy.
Despite the incontrovertible evidence for neu-
trino masses and mixings, none can be said still
about the actual nature of the neutrino. The ques-
tion regards to whether neutrino is its own antipar-
ticle, in which case it is called a Majorana particle,
or not, in which case it would be a Dirac particle.
Neutrino oscillations are consistent with both the
possibilities. Although Majorana neutrinos have
an ideal signature on neutrinoless double beta de-
cay, the experimental evidece for such processes is
still lacking (for a review see for instance Ref. [3]).
On the theoretical side, Majorana neutrinos are
considered to be easier to understand, as the see-
saw mechanism [4] can generate very small masses
for the standard left handed neutrinos, at the ac-
count of introducing large masses for right handed
ones, without assuming any small value for the
Yukawa couplings to the Higgs field. Nevertheless,
appart from this naturalness argument, there is no
other theoretical or experimental reason to believe
that the other possibility can be ruled out, and so
it remains. Yet, Dirac neutrino nature could be un-
derstood if total lepton number were a conserved
quantity and some models oriented to account for
the smallness of the neutrino mass in this case had
already been explored (see for instance [5]).
On the other hand, there is the intriguing obser-
vation, of particular interest for model building,
that the measured mixing angles comply with the
2empyrical relation
1/2− sin2 θATM ≈ sin θ13/few , (1.1)
which suggests that the deviation of θATM from
its maximal value, ∆θ = π/4 − |θATM |, could be
correlated to the non zero value of θ13. This can
be thought to indicate a possible common physi-
cal origin for both angles, since null values of ∆θ
and θ13 do increase the symmetry in the Majorana
neutrino mass sector by exhibiting a discrete µ− τ
exchange symmetry [6, 7]. This has suggested the
idea that observed values could be understood as
a result of the breaking of µ− τ symmetry. Many
theoretical studies had been inspired by this ob-
servation in the last years [7–10], but few atten-
tion has been given to exploring the possibilities
of this symmetry for the description of Dirac neu-
trino mixings. Such is the main goal of the present
work.
The outcome of our study has some interesting
results that we will discuss below. First of all,
alike to what happens in the Majorana neutrino
case, µ − τ symmetry appears to be quite natu-
ral in the Dirac neutrino framework. It of course
arises from the condition of zero ∆θ and θ13, which
implies that the symmetry is rather broken. How-
ever, unlike the Majorana case (see for instance
Ref. [9]), current experimental results indicate that
the breaking of the symmetry is always relatively
small for Dirac neutrinos, when compared to the
heaviest neutrino mass, regardless of neutrino hi-
erarchy and the Dirac CP phase value. Therefore,
µ − τ must be regarded as a good approximate
symmetry. This suggest that any realistic model
built to provide Dirac neutrino masses and mixings
should contain µ − τ symmetry as an implicit, or
explicit, flavor symmetry.
To state our case, we organize the present dis-
cussion as follows. We start by revisiting the origin
of Dirac masses in a lepton conserving extension of
the SM, and introducing a phenomenological pa-
rameterization for the Yukawa couplings that uses
only all known experimental observables. We ar-
gue that those are the only physical parameters
that are relevant to reconstruct the most general
couplings in the lepton sector. Next we use this
results to study µ−τ symmetry and to parameter-
ize its breaking in the context of Dirac neutrinos.
Furthermore, we use the above mentioned experi-
mental results on neutrino masses and mixings to
explore the breaking parameter space in order to
stablish the amount of breaking allowed for the
experimental data. We also calculate explicit ex-
pressions for ∆θ and θ13, in the limit of a small
breaking of the symmetry to evidence their corre-
lation under the µ− τ symmetric approach. Some
comments about the implications of our Yukawa
couplings parameterization on the invisible width
of the Higgs are also made. Some further discus-
sion and our conclusions are finally presented.
II. A PHENOMENOLOGICAL
PARAMETERIZATION FOR YUKAWA
COUPLINGS
Extending the SM with the simple addition of
right handed siglet neutrinos, Nℓ, introduces an
anomaly free global symmetry in the theory, which
is associated to the combination of baryon and to-
tal lepton numbers, B − L. As Majorana mass
terms violate the conservation of lepton number
by two units, they are not possible if L (that is,
B − L) is assumed to be conserved. Under such
an assumption, the most general Yukawa couplings
are written as
fℓL¯ℓHℓR + yℓℓ′L¯ℓH˜Nℓ′ + h.c. (2.1)
They would be responsible for lepton masses
through the Higgs mechanism. Here L stands for
the standard left handed lepton doublets, H for
the Higgs, and ℓR for the standard right handed
charged leptons. Notice that, without loss of gen-
erality, we have chosen to work in the basis where
charge lepton couplings are already diagonal. This
can always be made. If a specific model for lep-
ton masses were to provide non diagonal Yukawa
couplings in that sector, one can always trasform
it into the expression given above by picking up
the specific U(3)L×U(3)R flavor transformations,
Lℓ → OLℓℓ′Lℓ′ and ℓR → ORℓℓ′ℓ′R, that diagonalize
the corresponding Yukawa matrix, under which all
other SM terms are invariant, but for the Yukawa
couplings that involve the right handed neutrinos.
These last would just be properly redefined by the
OL transformation. We work on such a basis on
what follows. After that electroweak symmetry
breaking is introduced, one gets the most general
Dirac mass terms as
mℓℓ¯LℓR + (Mν)ℓℓ′ ν¯ℓN
′
ℓ + h.c. , (2.2)
where, clearly, mℓ = fℓv and (Mν)ℓℓ′ = vyℓℓ′ ,
with v = 〈H〉 the Higgs vacuum expectation value.
Note that Dirac neutrino mass matrix, Mν , is non
diagonal and complex in general. Its diagonaliza-
tion is done through a bi-unitary transformation,
that requires the simultaneous transformation of
left and right handed neutrino flavor spaces. Thus,
we take
νℓ = Uℓaνa and Nℓ = VℓaNa , (2.3)
such that in the new basis the neutrino mass terms
become (Md)abν¯aNb + h.c., where
Md = U
†MνV = diag{m1,m2,m3} . (2.4)
3Notice that the above mass eigenvalues can always
be taken to be real and possitive, and we will do
so hereafter. Indeed, since right handed neutrinos
have no further interactions in any other sector of
the SM, one can always rephase right handed neu-
trino wave functions to absorbe the mass phases
within the V matrix. In other words, such phases
have not any physical meaning.
Determination of the required mixings, U and V ,
can be done by considering the hermitian squared
matrices
M˜L =MνM
†
ν and M˜R =M
†
νMν . (2.5)
By setting Eq. (2.4) in above expressions, it is easy
to see that U (V ) is actually the unitary matrix
that diagonalizes M˜L (M˜R), since
U †M˜LU =M2d = diag{m21,m22,m23} , (2.6)
and similarly for M˜R, since V
†M˜RV =M2d .
The tranformation of the left handed neutrino
sector, on the other hand, does affect other SM
sector. Specifically, in the neutrino mass basis,
charged courrent interactions, where the W bo-
son connects neutrinos to charged leptons, are now
given by the coupling term Wµℓ¯Lγ
µUℓaνa. Note
that this is just as in the quark sector where the
mixing is expressed by the CKM matrix. In the
standard parametrization the U mixing matrix is
given by the Pontecorvo-Maki-Nakagawa-Sakata
matrix [11, 12], c12c13 s12c13 z−s12c23 − c12s23z¯ c12c23 − s12s23z¯ s23c13
s12s23 − c12c23z¯ −c12s23 − c23s12z¯ c23c13
 ,
where z = s13e
−iδCP , with δCP the still undeter-
mined Dirac CP phase. Here, z¯ stands for the
complex conjugated, whereas cij and sij stand for
cos θij and sin θij , respectively, of the mixing an-
gles with the proper identification of θ12 = θ⊙, and
θ23 = θATM .
It is worth noticing that V actualy contains no
further physical information. As a matter of fact,
the definition of the right handed neutrino flavor
basis is ambiguos. Although broken, the U(3)N
flavor symmetry of the sector allows an arbi-
trary redefinition of the Yukawa couplings given in
Eq. (2.1) through the trasformationNℓ → ONℓℓ′Nℓ′ .
This is unlike the mass eigenstate basis, which is
rather well defined. We make use of this fact to in-
troduce a simple bottom up reconstruction of the
Dirac neutrino mass matrix, based only on physi-
cal and measurable parameters. This truely phe-
nomenological approximation would have the ad-
vantage of providing a general and simple criteria
to fix the weak interaction flavor basis as the one
connected to the mass basis only through the phys-
ical rotation associated to the left handed neutri-
nos, given by the PMNS mixing matrix. In such
a basis, we simply write Mν = U ·Md. Moreover,
in this basis weak interactions are diagonal and
the Yukawa couplings are expressed without lost
of generality as
mℓ
v
L¯ℓHℓR +
ma
v
UℓaL¯ℓH˜Na + h.c. , (2.7)
where all unphysical parameters had been ex-
plicitely removed. These terms provide a well de-
fined extension to the SM that contains no further
parameters than those already known or which can
be determined in the future. The hardest to probe
might be the absolute mass scale. Current bound
is at the 2 eV range [13], but if it were high enough
we could expect to have some possitive results from
tritium beta decay experiments [14, 15], with no
positive signal from neutrinoless double beta de-
cay experiments. Of course, the immediate form
of the couplings derived from any specific flavor
model would in general differ from above expres-
sion, but as we have argued, it can always be con-
verted into that. Furthermore, above approach has
another clear advantage since it also allows to iden-
tify some symmetries that are hidden in the general
expresion (2.1), as we discuss next.
III. µ− τ SYMMETRY WITH DIRAC
NEUTRINOS
By using the phenomenological parameteriza-
tion given in Eq. (2.7), it is strightforward to see
that in the limit where θ13 is null and θ23 = −π/4,
i.e. ∆θ = 0, the neutrino mass matrix exhibits a
µ− τ exchange symmetric structure,
M0ν =
 m
0
e1 m
0
e2 0
m0µ1 m
0
µ2 m
0
µ3
m0µ1 m
0
µ2 −m0µ3
 . (3.1)
Notice the odd behaviour of the last column. In
terms of the observables, in our approximation the
above mass terms are given asm0e1 = m1c12; m
0
e2 =
m2s12; m
0
µ1 = − 1√2m1s12; m0µ2 = 1√2m2c12; and
m0µ3 = − 1√2m3. We should stress that this µ − τ
realization is actually close related to the paramet-
ric form of the PMNS mixing matrix.
Here we also note that the alternative choice for
the quadrant of the atmospheric angle, that is tak-
ing its maximal value at θ23 = π/4, only changes
by a global sign the third row on M0ν , which still
reflects a symmetric relation associated to µ−τ ex-
change. This alternative can also be interpreted as
4a change in the flavor and mass state basis, where
tau flavours and third neutrino mass eigenstate are
rephased by π (a simple sign change in the wave
functions). This does not affect mass eigenvalues
(they remain possitive), neither our main conclu-
sion about the size of µ − τ breaking, as we will
explicitly show later on for matter of completeness.
In what follows we shall first concentrate in anal-
izing the previously given case.
A less parametric dependant way of realizing the
existance of µ−τ symmetry arises when one rather
looks at the more generic form of the hermitian
squared matrix, M˜L, in the diagonal charged lep-
ton basis used for Eq. (2.1). Indeed, as it can be
seen from its definition, the matix form of M˜L is in-
dependent of the choice made for the right handed
neutrino basis. Therefore, by using either our phe-
nomenological basis, i.e. Eq. (3.1), or directly from
Eq. (2.6), the result of calculating the hermitian
squared mass matrix elements, for θ13 = ∆θ = 0,
shows that M˜L is symmetric and exhibits a perfect
µ− τ exchange symmetry,
M˜0L =
 m˜
0
ee m˜
0
eµ m˜
0
eµ
m˜0eµ m˜
0
µµ m˜
0
µτ
m˜0eµ m˜
0
µτ m˜
0
µµ
 , (3.2)
where the only four relevant terms are
m˜0ee =
{
∆m221s
2
12 +m
2
0 (NH)
∆m221s
2
12 + |∆m231|+m20 (IH)
(3.3)
for normal (NH) and inverted hierarchy (IH), re-
spectively, and
m˜0eµ =
1√
2
c12s12∆m
2
21 ;
m˜0µτ =
1
2
(
∆m221c
2
12 ∓ |∆m231|
)
; (3.4)
m˜0µµ =
1
2
(|∆m231|+∆m221c212 + 2m20) ;
where the minus (plus) sign in m˜0µτ corresponds to
NH (IH) hierarchy, and m0 stands for the lighter
neutrino mass. Notice that in this limit there is
no CP violation implied, because all matrix el-
ements are real in the reconstructed matrix in
Eq. (3.2). Also note that above expresions imply
that, in the current approximation, neutrino oscil-
lation scales are given strightforwardly by the off
diagonal terms of M˜0L, with the propper identifica-
tions, such that ∆m2⊙ =
√
8m˜0eµ/ sin 2θ12, whereas
∆m2ATM ≈ ∓2m˜0µτ . However, as this is just a
naive approximation that neglects the contribu-
tions of θ13 and ∆θ, we need to keep in mind that it
is likely to provide wrong predictions for the scales
if the corrections from the breaking of µ− τ sym-
metry were not negligible. We will address this
issue below.
µ− τ symmetry predictions
It is not difficult to see that Eq. (3.2) does cor-
respond to the most general estructure of the left
handed hermitian squared matrix allowed by µ− τ
symmetry. Indeed, in the top-down approxima-
tion where one starts by imposing the symmetry on
the otherwise general hermitian M˜L, it is required
that its elements satisfy the conditions m˜eµ = m˜eτ ,
m˜µe = m˜τe, m˜µµ = m˜ττ and m˜µτ = m˜τµ. Her-
miticity, on the other hand, implies that all ma-
trix elements in general obey the condition m˜αβ =
m˜∗βα. As a consequence of the last, m˜µτ , as well as
the diagonal components, must be real numbers.
Therefore, only the off diagonal terms on first row
and column could be complex. That is only m˜eµ
does it. The single phase of this term, however,
is non physical. As it can be easily checked, the
last can be rephased away by a global redefinition
of the electron neutrino, and electron wave func-
tion phases, which finally renders m˜eµ to be a real
number. This procedure shows that, indeed, no CP
violation is implied in the µ− τ symmetric case.
A strightforward calculation in the top-down
approximation, shows that the squared neutrino
masses predicted from a µ − τ symmetric M˜L are
given as
m1
2 =
1
2
[
m˜0ee + m˜
0
µµ + m˜
0
µτ −
√
8
sin 2θ12
m˜0eµ
]
;
m2
2 =
1
2
[
m˜0ee + m˜
0
µµ + m˜
0
µτ +
√
8
sin 2θ12
m˜0eµ
]
;
m3
2 = m˜0µµ − m˜0µτ (3.5)
where the θ12 mixing angle goes as
tan 2θ12 =
√
8 m˜0eµ
m˜0ee − (m˜0µµ + m˜0µτ )
. (3.6)
IV. µ− τ SYMMETRY BREAKING
The symmetry under consideration, however, is
not in any way an exact one and previous predic-
tions would result to be inaqurate. The observed
non zero values for θ13 and ∆θ are a clear indica-
tion of that. Nevertheless, the fact that these last
are actually small suggest that µ − τ symmetry
could still be treated as an approximated flavor
symmetry. Exploring how good that approxima-
tion actually is, is the question we address next.
5In order to study the effects of the breaking of
µ − τ symmetry we will focus in the hermitian
squared matrix M˜L, which, as we have already
argued, has a general form that is independent
of the chosen right handed neutrino basis. In its
more general form any such a matrix can always
be rewritten as
M˜L = M˜
S
L + δM˜L , (4.1)
where M˜SL is an explicitly µ − τ exchange invari-
ant matrix, and δM˜L stands for the non invariant
parts. In terms of its components, the symmetric
part of the hermitian matrix is given as
M˜SL =
 m˜ee m˜eµ m˜eµm˜µe m˜µµ Re(m˜µτ )
m˜µe Re(m˜µτ ) m˜µµ
 . (4.2)
As we have discussed in previous section above ma-
trix can be made all real by a global rephasing
on the electron sector. However, with a broken
symmetry this operation can not completely re-
move the phase anymore and CP violation should
arise. Indeed, the rephasing of electron leptons
only moves the m˜eµ phase into δM˜L matrix ele-
ments. In order to keep our discussion simple and
as general as possible we assume hereafter only the
natural conditions implied from the symmetry and
hermiticity. As such, we take m˜eµ as the only pos-
sible complex matrix element in M˜SL . Notice that
this conditions also requires that (M˜SL )µτ be the
real part of the in general complex m˜µτ .
The nonsymmetric part, and the source of the
breaking of the symmetry, is then expressed in gen-
eral by the hermitic matrix
δM˜L =
 0 0 α0 0 ζ
α∗ ζ∗ β
 , (4.3)
where the involved symmetry breaking parameters
are exactly defined as
α = m˜eτ − m˜eµ ,
β = m˜ττ − m˜µµ , (4.4)
ζ = i Im (m˜µτ ) .
We note that hermiticity implies the existence of
only one arbitrary phase which is contained in the
α parameter. β is a real number, whereas ζ is
purely imaginary by definition. From here, it is
easy to see that a possible removal of the m˜eµ
phase in M˜SL does only change the phase of α,
without affecting the other parameters. In that
basis, the rephasing process explicitly shows that
only one CP phase does become physical. The re-
lation of the final phase with the Dirac CP phase
in the PMNS matrix, however, is not strightfor-
ward, as our next results show. Thus, we do not
find any further advantage on explicitly using such
a rephasing.
As it was already emphasized in the discus-
sion on previous section, up to non physical
phases, the general squared mass matrix M˜L can
be reconstructed purely from neutrino observ-
ables using Eq. (2.6), according to which m˜αβ =∑
a UαaU
∗
βam
2
a. By comparing this reconstruction
with our above parameterization we find that the
general symmetry breaking parameters, written in
terms of the neutrino observables without any ap-
proximation, are given by
α = ∓az∆m2ATM + (as212z − c12s12a′)∆m2⊙ ,
β = ±bc213∆m2ATM + [bb′ + d cos δCP ]∆m2⊙ ,
ζ = −i c12s12s13 sin δCP∆m2⊙ , (4.5)
where a short hand notation has been introduced
to account for the following combinations among
the mixings, a = c13(s23 − c23), a′ = c13(s23 +
c23), b = c
2
23 − s223, b′ = s213s212 − c212, d =
4s12c23c12s23s13. In above, the sign on top (bot-
tom) corresponds to NH (IH) from now on. We
stress that above expresions do cancell in the limit
where θ13 = −π/4 and θ13 = 0. Furthermore,
none of the breaking parameters do depend on the
absolute scale of the neutrino mass, which seems
remarcable.
It is also worth noticing that α and β corrections
are dominated by the atmospheric scale, whereas
ζ is just proportional to the solar scale. This
represents a relevant correction to the symmetric
condition, m˜0eτ = m˜
0
eµ as presented in Eq. (3.4).
In contrast, the most general expression of such
a mass term goes as m˜eµ = ±c13s23z∆mATM +
c13s12(c12c23 − zs12s23)∆m⊙ , which also has the
atmospheric scale as the leading contribution to it.
This means that the predicted ∆m221 scale in the
symmetric limit would be larger than the actual
value of the solar scale, but not as large as the
atmospheric scale itself (due to the z factor).
In order to get a quantitative estimate of how
good the µ − τ approximation is, we introduce
a set of dimensionless parameters that compare
the breaking parameters against the correspond-
6ing matrix elements, such that we define
αˆ =
α
m˜eµ
=
∑
a Uea
[
U∗τa − U∗µa
]
m2a∑
a UeaU
∗
µam
2
a
,
βˆ =
β
m˜µµ
=
∑
a
[|Uτa|2 − |Uµa|2]m2a∑
a |Uµa|2m2a
, (4.6)
ζˆ =
ζ
Re(m˜µτ )
= i
Im
∑
a UµaU
∗
τam
2
a
Re
∑
a UµaU
∗
τam
2
a
.
We should notice that this new set of parameters
is invariant under the rephasing of m˜eµ discussed
above.
It is strightforward to use above definitions to
make an estimate of the leading order values of the
dimensionless parameters, up to corrections of the
order of x = ∆m2⊙/∆m
2
ATM . After some algebra
we get
αˆ ≈ cot θ23 − 1±
(
a1
a3z
+
a a2
a23z
)
x+O(x2) (4.7)
and
βˆ ≈ ±bc
2
13
y + a4
−
[
bb′ + d cos δCP
y + a4
∓ b|a2|
2
s212(y + a4)
2
]
x
+O(x2) (4.8)
where our short hand notation now stands for
y = m20/∆m
2
ATM , a1 = as
2
12z − c12s12a′, a2 =
c13s12(c12c23 − zs12s23), a3 = c13s23 and
a4 =
{
s223c
2
13 (NH)
1− s223c213 (IH) (4.9)
Considering best fit values for the observed mix-
ings we get that
αˆ ≈ −2.13 +O(x). (4.10)
for any hierarchy and any value of the absolute
neutrino mass, which represents a non small num-
ber, although α itself is always smaller than the
atmospheric scale. This is, as a matter of fact, the
largest of the corrections to the symetric mass ma-
trix elements that are required to account for the
observed data. Indeed, for βˆ we get, at a first order
evaluation on the best fit values, that
|βˆ| <
{
0.288 (NH)
0.215 (IH)
(4.11)
It is also straightforward to show that
ζˆ ≈ ∓i c12s12s13 sin δCP
c213c23s23
x+O(x2) . (4.12)
and therefore, that |ζˆ| has a best fit value of order
10−2 at the highest.
A. Mixings near the symmetric limit
Above results indicate that µ− τ symmetry can
only be considered as a good approximate fla-
vor symmetry in a weak sense, that is when the
breaking parameters are compared to the heaviest
neutrino mass in the spectrum, which is given as
m2h = ∆m
2
ATM + m
2
0 (+∆m
2
⊙) for the NH (IH)
case. This claim becomes transparent if we con-
sider the initial observation that sin θ13 and sin∆θ
are, as a matter of fact, small numbers. Thus, α
and β breaking parameters can be expressed by
the following approximated first order formulae
α ≈
√
2[z(±∆m2ATM − s212∆m2⊙)− c12s12s∆θ∆m2⊙]
β ≈ ±2s∆θ∆m2ATM + [2b′s∆θ + gs13]∆m2⊙ , (4.13)
with g = 2s12c12(s
2
∆θ − 1) cos δCP and s∆θ stand-
ing for sin∆θ, which for the present case is defined
by the relation θ23 = −π/4 + ∆θ. Above expres-
sions do stress that indeed |α|, |β|, |ζ| << m2h. At
the leading order (when x ≈ 0) and taking neu-
trino oscillation scales as known inputs, we get the
following predictions
sin θ13 ≈ |α|√
2∆m2ATM
, (4.14)
and
sin∆θ ≈ β
2∆m2ATM
, (4.15)
that should be valid for any flavor model that re-
sults consistent with neutrino data.
From last expressions, the phenomenological re-
lation given in Eq.(1.1) gets justified, since our
µ− τ parametrization now suggests that
sin∆θ ≈ sin θ13 × β/
√
2|α| , (4.16)
which is an expression given just in terms of the
mass matrix elements of M˜L.
Including solar scale contribution in our calcula-
tions provides somewhat more complicated expre-
sions for the small mixings that cannot be easily
resolved analiticaly in terms only of the mass ma-
trix elements. However, one can read Eq. (4.13) as
a constraint on the small neutrino mixings, when
all other neutrino oscillation parameters are taken
as known, within experimental uncertainties. Fol-
lowing this line of thought, and after some lenghtly
algebra we can express the relation among the de-
viation of the atmospheric mixing from its maxi-
mal value in terms of the predicted value for θ13,
as
sin∆θ ≈ sin θ13
gδ(
√
2Bgs +As12c12∆m
2
⊙)
2Agc +
√
2Bs12c12∆m2⊙
,
(4.17)
7where we have defined A = Re(α) + Im(α), B =
β + |ζ|, and also gs = ±∆m2ATM −∆m2⊙s212, gc =
±∆m2ATM −∆m2⊙c212, and gδ = cos δCP − sin δCP .
In the same footing, the predicted value for sin θ13
mixing is given as
sin θ13 ≈
2Agc +
√
2Bc12s12∆m
2
⊙
2
√
2gδ[gcgs − (s212c212∆m2⊙)2]
. (4.18)
V. µ− τ ANTI-SYMMETRY CASE.
Let us next add some comments regarding the
case where θ23 is chosen to lay in the first quad-
rant, such that its maximal value corresponds to
θ23 = π/4. As we have stated before this alterna-
tive should corresponds to the one we have already
discussed, up to wave function phase redefinitions
in both flavor and mass neutrino basis. Therefore
one would not expect any fundamental conclusion
to change. Nevertheless, as the given choice ef-
fectively affects the way µ − τ symmetry realizes,
and, hence, general formulae may also change ac-
cordingly, we believe that considering in some de-
tail the changes introduced in the analysis for this
choice can be of interest for model building.
First of all, for a strictly positive value of θ23 =
π/4, joint to a zero value for θ13, our phenomeno-
logical reconstruction of the mass matrix, in the
diagonal charged lepton basis, now leads to
M0Aν =
 m0e1 m0e2 0m0µ1 m0µ2 m0µ3
−m0µ1 −m0µ2 m0µ3
 . (5.1)
Comparing with Eq. (3.1) one can notice that
only the third row of the above mass matrix has
changed by a global sign. However, this does in-
deed change the way µ − τ manifests itself in the
hermitian squared mass matrix, as usually defined
by M˜0AL =M
0
AνM
0†
Aν, which now becomes
M˜0AL =
 m˜0ee m˜0eµ −m˜0eµm˜0µe m˜0µµ m˜0µτ
−m˜0eµ m˜0µτ m˜0µµ
 , (5.2)
where its entries are given by equations (3.3) and
(3.4) just as in the symmetric case. Above matrix
now exhibits a µ − τ antisymmetry, where M˜0AL
remains invariant under the exchange νµ ↔ −ντ .
It is important to point out two things in here.
First, the squared mass matrix is also hermitian
in the µ− τ anti-symmetric case, and second, that
M˜0AL can also be constructed by a topdown method
akin to the µ− τ symmetric case using the PMNS
mixing matrix elements by considering θ23 = π/4
instead of θ23 = −π/4. Following our own previous
steps, in the most general case µ−τ anti-symmetry
breaking can be explicitly parameterized as
M˜ν = M˜
A
L + δM˜A. (5.3)
where the M˜AL is the µ − τ antisymmetric part
generaly written as
M˜AL =
 m˜ee m˜eµ −m˜eµm˜µe m˜µµ Re(m˜µτ )
−m˜eµ Re(m˜µτ ) m˜µµ
 . (5.4)
As for the anti-symmetry breaking matrix, δM˜A,
it is clear that the only entry which is diferent from
the symmetric case, is the one associated to m˜eτ ,
and thus it is now written as
δM˜A =
 0 0 αA0 0 ζ
α∗A ζ
∗ β
 . (5.5)
for which we now define
αA = m˜eτ + m˜eµ , (5.6)
whereas β and ζ are given as before. In terms of
the neutrino oscillation parameters we now get
αA = ±a′z∆m2ATM − (ac12s12 + a′s212z)∆m2⊙.
(5.7)
Thus, the corresponding dimensionless parameter,
defined as earlier by αˆA = αA/m˜eµ, is given, upto
first order in the neutrino oscillation scales ratio,
as
αˆA ≈ 1 + cot θ23 −
(
a′1
a3z
+
a a2
a23z
)
x+O(x2)
≈ 2.13 +O(x) (5.8)
where a′1 = a
′s212z + ac12s12. Last row gives the
leading order contribution with central values in
neutrino mixings, which is, up to a sign, as large
as the one obtained in the symmetric realization of
µ−τ symmetry and, as before, αA remains smaller
than the largest neutrino mass.
By considering the near to anti-symmetric case,
where we parameterize the atmospheric mixing as
θ23 = π/4 +∆θ for |∆θ| ≪ 1, we get the following
expresion for the predicted relationship among θ13
and ∆θ mixings,
sin∆θ ≈ sin θ13
√
2Bgδgs − 2A′g′δs12c12∆m2⊙√
2Bc12s12∆m2⊙ − 2A′gc
,
(5.9)
where A′ = Re(αA) + Im(αA) and g′δ = cos δCP +
sin δCP . Notice that this expression mimics the
corresponding one that we obtained in the previous
case [Eq. (4.17)]
8A. Reconstructed mass matrix elements
By using the general parameterization we have
given for the hermitian squared mass matrix, it is
easy to get a numerical idea of the order of mag-
nitude of te off-diagonal matrix elements. This is
because it turns out that they do not depend (as
we already enphasized along our previous discus-
sions) on the absolute mass scale of the neutrino.
For this we can just set in the best fit values of
the oscillation neutrino parameters, assuming no
CP violation. Thus, the following are the so nu-
merically reconstructed off-diagonal mass matrix
elements, in the most general case, for NH (IH),
m˜µe ≈ 2.65× 10−4(2.16× 10−4)eV2,
m˜µτ ≈ 1.19× 10−3(1.24× 10−3)eV2, (5.10)
m˜τe ≈ 2.46× 10−4(2.96× 10−4)eV2.
On the other hand, the reconstruction of the di-
agonal terms in the CP conserving case gives the
following expressions,
m˜ee = m
2
0 +∆m
2
ATM
[(
1
2
∓
1
2
)
± s
2
13
]
+ s12c
2
13∆m
2
⊙,
m˜µµ = m
2
0 +∆m
2
ATM
[(
1
2
∓
1
2
)
± s
2
23c
2
13
]
+ h∆m2⊙,
m˜ττ = m
2
0 +∆m
2
ATM
[(
1
2
∓
1
2
)
± c
2
23c
2
13
]
+ h′∆m2⊙,
where, to simplify, we have used h = c212c
2
23 +
s212s
2
23s
2
13 − 2c12c23s12s23s13 cos δCP , and h′ =
c212s
2
23 + s
2
12c
2
23s
2
13 + 2c12c23s12s23s13 cos δCP , and
where the top(bottom) sign corresponds to normal
(inverted) hierachy and m0 stands for the lightest
neutrino mass, as usual.
VI. HIGGS BOSON DECAY TO
NEUTRINOS.
From the Yukawa interaction in the flavor basis,
as expressed by equation (2.7), it is straightfor-
ward to compute the invisible Higgs boson decay
width, Γℓa(H → νν). Also, considering the cur-
rent observed value of the total Higgs’ decay width
ΓH < 1.7 GeV [16], the branching ratio for the in-
visible decay B(H → νν), to first order, can be
estimated within the current framework. For the
decay width, considering that ma ≪ mH , we get
Γℓa ≈
m2a
2〈v〉2
mH
8π
|Uℓa|2 . (6.1)
The branching ratio is then given by the equation
B(H → νν) =
∑
a,ℓ Γ
ℓ
a
ΓH
. (6.2)
Furthermore, regarding the Higgs mass at a
value of mH = 125 GeV, its vev 〈v〉 ≈ 246 eV [17]
and taking the neutrino mass spectrum at a high
limit of ma ≈ 2 eV in a degenerated hierarchy as
a means of estimating an upper limit value, the
resulting invisible branching ratio comes out to be
B(H → νν) ≈ 5.5× 10−13, (6.3)
at its larger possible value in the theory.
The upper bound experimentaly set for the
branching fraction of the invisible Higgs decay is
currently at 0.28 [18], which places our current es-
timation at a much lower value.
VII. CONCLUSIONS
As our present analysis for Dirac neutrinos has
shown, µ-τ symmetry arises as a slightly broken
symmetry that makes itself evident in the diago-
nal charged lepton mass basis. This symmetry is
actually already encoded by the observed mixings
in the PMNS mixing matrix. An appropriate se-
lection of the right handed neutrino basis then al-
lows to remove all non physical parameters in the
Yukawa sector. In such a parameterization, only
the absolute neutrino mass scale and the CP phase
remain unknown.
Furthermore, µ-τ breaking becomes easier to
study when using the hermitian squared neutrino
mass matrix (M˜). Such a matrix can either be
symmetric or antysymmetric under the exchange
of µ and τ labels. Both the realizations, how-
ever, as we have already argue, are actually con-
nected with a simple rephasing on τ neutrino flavor
and third neutrino mass eigenstates and, therefore,
main conlcusions regarding symmetry breaking are
alike. M˜ allows for a natural and easy parame-
terization of the breaking of the symmetry that
requires only three free parameters (α, β and ζ),
with only one of them being a complex number
(α). Observed atmospheric and reactor mixings
indicate that the symmetry breaking parameters
are at most below the range of the atmospheric
squared mass difference, without any dependance
on the absolute scale of the neutrino mass and re-
gardless of the actual value of the CP phase.
The largest of the symmetry breaking correc-
tions, in any realization of the symmetry, corre-
sponds to the m˜eτ mass term, paremeterized by α,
which in any case is always smaller than the heav-
ier mass scale in the neutrino sector. This could
indicate the presence of an unknown (perhaps bro-
ken) symmetry in the e − τ coupling sector. It is
also interesting to note that a perturbative behav-
ior in the symmetry breaking sector only happens
9when the neutrino mass spectrum becomes almost
degenerate and, thus, when the absolute mass scale
turns out to be larger than the atmospheric scale.
Indeed, upon comparison of the matrix elements in
δM˜αβ with the neutrino mass scale, it is only pos-
sible for the almost degenerate case to truely ful-
fill the relation δM˜αβ ≪ m20h with m20h being the
squared minimum value of the neutrino mass scale.
Therefore, the only general conclusion one can
draw is that µ− τ symmetry is indeed a good ap-
proximated symmetry only in a weak sense. Nev-
ertheless, it is still interesting to point out the ap-
proximated relation that arises for the observed
mixings with the atmospheric scale, according to
which 2∆m2ATM ≈
√
2|α|/ sin θ13 ≈ |β|/ sin∆θ.
We believe this observations may be valuable for
model building in the Dirac neutrino framework.
For further study, an analysis of the µ-τ symme-
try breaking can be performed using partubation
theory considering the results mentioned earlier.
Another noteworhty result, is the fact that for
any realization of the symmetry (that is for a sym-
metric or anti-symmetric M˜), we always have that
αˆ, αˆA >> βˆ, ζˆ, which might also indicate an under-
lying flavor symmetry involving the e−µ coupling
in the theory. Thus, in general, even though µ− τ
symmetry seems to be an underlying symmetry in
the neutrino sector a complete understanding of
neutrino oscillation parameters stills seems to need
additional (extended ) flavor symmetries.
Finally, the estimation or the invisible Higgs de-
cay to neutrinos could grant a good test for the
nature of neutrinos as well as their mass spectrum,
mass hierarchy and CP violation phase, provided
that such quantity could be measured accurately.
Unfortunately, however, it still lays far below the
current experimental sensitivity.
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